Some nanoporous, crystalline materials possess dynamic constituents, for example, rotatable moieties. These moieties can undergo a conformation change in response to the adsorption of guest molecules, which qualitatively impacts adsorption behavior. We pose and solve a statistical mechanical model of gas adsorption in a porous crystal whose cages share a common ligand that can adopt two distinct rotational conformations. Guest molecules incentivize the ligands to adopt a different rotational configuration than maintained in the empty host. Our model captures inflections, steps, and hysteresis that can arise in the adsorption isotherm as a signature of the rotating ligands. The insights disclosed by our simple model contribute a more intimate understanding of the response and consequence of rotating ligands integrated into porous materials to harness them for gas storage and separations, chemical sensing, drug delivery, catalysis, and nanoscale devices. Particularly, our model reveals design strategies to exploit these moving constituents and engineer improved adsorbents with intrinsic thermal management for pressure-swing adsorption processes.
M
etal-organic frameworks (MOFs) are porous, crystalline materials with very large internal surface areas (1) . The consequent adsorption properties of MOFs have demonstrated promise toward solving paramount energy problems (2) such as in gas storage (3) and gas separations (4) . MOFs are also being explored for chemical sensing (5) , drug delivery (6) , and catalysis (7) . In the synthesis of MOFs, metal nodes or clusters and organic linker molecules self-assemble (8) . Owing to their modular and versatile chemistry, tens of thousands of MOFs have been synthesized (9) . Some MOFs are dynamic/flexible and respond to gas molecules adsorbing into their pores by exhibiting structural changes while retaining their crystallinity (reviews in refs. [10] [11] [12] [13] [14] . Reported modes of guest-induced structural changes in MOFs include breathing (15) , swelling (16) , and subnetwork displacement (17) , as well as less dramatic changes, such as the rotation of a ligand (18) or deformation (19) . In molecular recognition and enzyme catalysis in biology, a conformation change of the enzyme is often involved in substrate binding (20, 21) . Responsive, dynamic constituents thus may endow MOFs with enzymelike selectivities (11) for selective gas adsorption, chemical sensing, and catalysis.
In the long run, a more intimate understanding of MOFs with moving parts may enable the construction of molecular machines (22) . Because of their crystallinity and tunability, MOFs are an ideal scaffold on which to organize machine subunits and tune their response to stimuli. Notably, Zhu et al. (23) used a [2] rotaxane molecular switch as a building block in a MOF to construct a conceptual molecular machine.
Several reported MOFs possess dynamic constituents, e.g., bridging ligands that can rotate, while maintaining an approximately rigid unit cell (18, (24) (25) (26) (27) (28) (28) (29) (30) (31) (32) (33) (34) . Nuclear magnetic resonance (NMR) spectroscopy revealed that aromatic rings in the ligands of MOF-5 (26), IRMOF-3 (27) , and MIL-47(V) (35) rotate, resembling an ordered assembly of molecular rotors (36) . Horike et al. (24) synthesized MOFs with rotating pyrazine and naphthalene rings and found that the naphthalene rings can adopt one of four distinct rotational conformations. Murdock et al. (37) synthesized a 2D MOF whose sheets stack to construct one-dimensional tube architectures; depending on the guest molecules, a phenyl ring in the linker can protrude into the channel or align with the channel walls, modulating the diameter of the channel. Subsequently, Hughes et al. (38) synthesized a series of MOFs isoreticular to this 2D MOF with rotating aryl rings in differing pore sizes.
When the dominant conformations of these flexible parts in MOFs are different in the evacuated solid than in the presence of gas, the dynamic moieties can qualitatively affect the adsorption behavior, e.g., by inducing inflections (30) , steps (29) , and hysteresis (18) in the adsorption isotherms. Linkers in ZIF-7 are believed to rotate and cause steps and hysteresis in the adsorption isotherms of several hydrocarbons (39, 40) . Ligands in a MOF in ref. 18 were shown to rotate upon CO2 adsorption to accommodate more molecules, leading to an inflection and hysteresis in the CO2 adsorption isotherm. Seo et al. (29) engineered a framework with rotating pillars bearing side chains that reach across a cage to lock together, serving as a molecular gate. When immersed in a bath of CO2 gas, the locks Significance Some nanoporous, crystalline materials possess dynamic/ flexible constituents, for example, a ligand that can rotate. Much like the induced-fit model of enzyme-substrate binding in biology, these dynamic moieties often change conformation when gas molecules adsorb. Such flexible constituents may endow nanoporous materials with enhanced properties for gas storage and separations, chemical sensing, drug delivery, and catalysis. We developed and solved a statistical mechanical model of gas adsorption in a porous material with a rotating ligand that is shared between cages. Our model contributes a more intimate understanding of gas adsorption in nanoporous materials with moving parts and lends insights into how to harness these dynamic constituents for adsorption-based processes.
between these rotating pillars break to increase the porosity. A signature of the rotating pillars was revealed in the CO2 adsorption isotherm through steps and hysteresis. The ligands in MIL-91(Al) undergo a twist upon CO2 adsorption (30) ; similarly to the case in ref. 18 , an inflection point in the CO2 adsorption isotherm was observed as a consequence of the ligand rotation, but no hysteresis was observed. Uemura et al. (41) reported a MOF whose aromatic rings rotate upon the adsorption of isopropanol. Recently, Krause et al. (42) reported a negative gas adsorption step in DUT-49 as a result of a conformation change in its ligand and the consequent change in pore size. Hyun et al. (43) reported a MOF whose ligands possess two propyl side groups that block the pores. When immersed in CO2 gas, the ligands rotate, opening the pore and giving rise to an abrupt step in the adsorption isotherms.
A greater understanding of the thermodynamics of adsorption in MOFs with dynamic moieties can facilitate their design to harness them for chemical sensing, gas storage and separations, catalysis, drug delivery, and the construction of molecular machines. For example, for pressure-swing adsorption processes, there is significant value in engineering MOFs with ligands that undergo a conformation change upon gas adsorption. First, their S -shaped gas adsorption isotherms enhance the attainable working capacity compared with a rigid material; if the operating pressures bracket the inflection point/step, a MOF with a rotating ligand can achieve higher (lower) uptake at the high (low) pressure than an optimally shaped (44, 45) Langmuir adsorption isotherm. Second, as the ligands prefer a different conformation in the absence of gas, the ligand conformation change is endothermic; the ligand rotations consequently consume (provide) some of the heat released (consumed) upon adsorption (desorption). Such intrinsic heat management mitigates working capacity losses during the pressure swing that arise due to temperature changes of the adsorbent (46) .
Simple thermodynamic models of adsorption, e.g., the Langmuir and Brunauer-Emmett-Teller (BET) models, have proved useful for understanding adsorption phenomena, interpreting experimental data, and designing adsorptionbased engineering processes. Analytical models of adsorption in breathing and gate-opening MOFs have been developed (47) (48) (49) (50) ; these models characterize the state of the framework with a scalar order parameter α and prescribe the free energy of the host as a function of α. Dunne and Manos (51) took a different approach and defined four characteristic states of the unit cell of a breathing MOF and prescribed the neighboring interaction between them.
To obtain fundamental insights into how ligand rotations influence adsorption behavior, we build and solve a statistical mechanical model of gas adsorption in a porous crystal whose cages share a rotatable moiety. The moiety in the empty host has a preference for a particular rotational conformation. Adsorbed guest molecules, however, have a greater affinity for the ligand in a different rotational conformation. Thus, in opposition to intrahost forces, adsorbed gas incentivizes the moieties to adopt a different rotational conformation than in the evacuated host. Our model captures inflections, steps, and hysteresis in the adsorption isotherm that can arise as a consequence of the dynamic moieties that we show are effectively a source for cooperative adsorption. Fig. 1 depicts our model porous crystal with rotatable ligands/ moieties. The model material consists of M cages that can each adsorb at most a single gas molecule. Each ligand is shared by two cages and adopts one of two states: parallel to the cage walls or rotated into the pore. The character of the model arises from the host and guest molecule having opposite energetic preferences for the rotational conformation of the ligand: Intrahost forces impose an energetic penalty if the ligand is rotated into the pores; on the other hand, a guest molecule has a higher affinity for the ligand when it is rotated into the pore. The energy of an adsorbed guest molecule inside a cage when ligands on both sides are parallel to the cage walls is − 0. The electrostatic and/or van der Waals interactions between a guest molecule and a ligand are enhanced by an energy − when a ligand is rotated into the pores. Fig. 1 depicts the three distinct environments and associated energies encountered by an adsorbed guest molecule. Note that adsorbed gas molecules here do not directly interact except through volume exclusion by enforcing at most one adsorbate per cage.
Model Description
We now write an expression for the internal energy of our system, defined as the model material with M cages and n adsorbed guest molecules as in Fig. 1 . Let ni be the occupancy state of cage i; ni = 1 if the cage is occupied with a guest molecule and ni = 0 if it is empty. Let i+1/2 be the state of the ligand on the right face of cage i; i+1/2 = 0 if the ligand is aligned with the pore walls and i+1/2 = 1 if it is rotated into the pores. Fig. 1 and Table 1 summarize our variable convention. We impose periodic boundary conditions to mimic an infinite crystal by enforcing i+1/2 = i+1/2+M and ni = ni+M ∀ i ∈ Z, effectively folding the lattice into a ring. A microstate of our system is characterized by the M -dimensional vectors n and , whose ith component is ni and i−1/2 , respectively. The internal energy U of the system for a given microstate is then
The first term is the intrahost energy. The second term is the energy of the adsorbed guest molecules, which depends on the states of the ligands. The intriguing question is how the two competing preferences in Eq. 1 will play out: The host prefers the ligands to remain parallel to the cage walls whereas adsorbed guest molecules incentivize the ligands to rotate into the pores. We consider our model porous material in the grand-canonical (µVT ) ensemble, where the adsorbed phase of guest molecules in the material is in thermodynamic equilibrium with a bath of bulk gas with fixed chemical potential µ and inverse thermodynamic temperature β := 1/(kB T ). Here, M plays the role of volume; a guest molecule has access to a free volume V0 in each adsorption cage. The grand-canonical ensemble corresponds to experimental measurements of the equilibrium gas adsorption isotherm in a porous material. The chemical potential is related to the pressure of the bulk gas through an equation of state, such as the ideal gas law we apply here. Our first objective is to find common experimental measurables in our model, including the gas adsorption isotherm and isosteric heat of adsorption.
Results
It is instructive to first examine two extreme cases: (i) → ∞, where all ligands are aligned with the cage walls, and (ii) → −∞, where all ligands are rotated into the pores. Both cases result in a nondynamic/rigid porous material with a Langmuir adsorption isotherm
where P is the pressure of the bulk gas in equilibrium with the adsorbed phase in the material and K is the Langmuir constant representing the affinity of the gas molecule for the walls of the pores. The model material in case i (ii) exhibits a Langmuir constant K1 = βV0e β 0 (K2 = βV0e β( 0 +2 ) ) (45) because an adsorbed guest molecule would invariably experience an energy of adsorption 0 ( 0 + 2 ). The Langmuir adsorption isotherms in these two extreme cases are depicted in Fig. 2 , Left as the blue and red curves. The adsorption isotherm in case ii saturates at a lower pressure as a result of the greater affinity of a gas molecule for the host when the ligands are rotated into the pores. In both cases, the number of adsorbed molecules approaches the number of adsorption cages, M , as P → ∞.
The adsorption isotherm in our model material must then lie between the two extreme curves in Fig. 2 . Although not rigorous, it is helpful to interpret our model material as transitioning between two states as it adsorbs gas. When the host is empty, the majority of the ligands are aligned with the cage walls if β is appreciably large. Consequently, the gas sees an adsorbent more like case i at low pressures. When filled with gas, the energy of the system is minimized when the ligands rotate into the pores if 2 / is sufficiently large. Consequently, the adsorbent looks like case ii at higher pressures. For a subset of parameter space, the adsorption isotherm in our model passes through an inflection as the host transitions from approximately the material in case i to approximately the material in case ii, as shown in the green curve in Fig. 2 that is an example adsorption isotherm in our model that we derive below. In reality, the adsorbed gas gradually changes the set of most probable conformations that the host adopts (i.e., this is not a two-state model).
A transitioning of the host from one state to another as it adsorbs gas, however, does not necessitate the presence of an inflection in the adsorption isotherm. We later show that the convexity at low pressures in our model arises through cooperative adsorption: When an adsorbed gas molecule induces a neighboring ligand to rotate into the pores, it creates a more favorable binding site in the neighboring cage, facilitating the recruitment of an additional guest molecule (if that neighboring cage is empty). The adsorption curve then switches to be concave as the cages saturate with guest molecules.
The Partition Function. The grand-canonical partition function Ξ of the model in Fig. 1 is a sum over all microstates n and ,
with the internal energy U (n, ) given in Eq. 1. The V0Λ −3 term arises from the configurational partition function and is related to the translational entropy of the adsorbate in the cage; Λ is the de Broglie wavelength of the guest molecule.
We can explicitly evaluate the sum over in Eq. 3, effectively resulting in a coupling of the occupancy of neighboring cages through their shared ligand. We then perform the sum over n, using the transfer-matrix method. See SI Appendix, section S1 for an expanded derivation. We define a 2 × 2 transfer matrix P that enumerates the statistical weights in the partition function for the four possible values of (ni−1, ni ):
[4]
Our transfer matrix P is symmetric positive definite for = 0. Therefore, it has positive eigenvalues. When = 0, we can write Ξ in terms of the dominant eigenvalue λ of the matrix P when M is large:
In SI Appendix, section S1.1, we show that we recover the partition function of a Langmuir model with energy of adsorption 0 ( 0 + 2 ) when → ∞ ( → −∞), confirming our claims that Eq. 2 governs the adsorption in the limits → ±∞.
Relating Model to Experiments. Here, we relate our model to commonly measured experimental quantities. The chemical potential µ is imposed by the bulk gas in equilibrium with the adsorbed phase in the grand-canonical ensemble. To correspond to experiments that measure the pressure P of the gas, we replace the chemical potential µ in our model with that of an ideal gas (52):
In the plots that follow, we use the parameter set = 3 kJ/mol, = 5.5 kJ/mol, 0 = 13 kJ/mol, T = 273 K, and V0 = 12.32 A 3 that [we later show in Case Study: MIL-91(Al)] governs krypton adsorption in MIL-91(Al). The green points on the plots correspond to Monte Carlo simulations to confirm our exact solution (SI Appendix, section S9). The codes used to produce the plots in this paper are included on Github at doi.org/10.5281/zenodo.208230. Adsorption isotherm. The adsorption isotherm is the expectation of the number of adsorbed particles, n , in our model material as a function of pressure, P :
Fig. 2, Left shows the adsorption isotherm. For reference, the blue and red curves in each panel correspond to → ± ∞. Remarkably, our simple model captures the inflection seen in gas adsorption isotherms in MOFs with ligands that change their rotational conformation upon gas adsorption. At low pressures, the adsorption curve is convex, indicating a cooperative adsorption effect. As the cages saturate with guest particles, the curve transitions and becomes concave, passing through an inflection point. This model, where cages are coupled in only one dimension, does not exhibit adsorptiondesorption hysteresis; later in Results we find that adsorptiondesorption hysteresis may arise if cages are coupled in multiple dimensions. Ligand configurations. As the gas adsorption is linked to the concomitant rotational configurations of the ligands, we plot the expected number of ligands protruding into the pores,
in Fig. 2 , Center. In the empty host, > 0 as each ligand fluctuates about two energy states that differ by energy . As a higher chemical potential drives more gas molecules to adsorb, the greater interaction of a guest with a ligand that is rotated into the pore ( ) induces more ligands to rotate into the cage. Note that, when the lattice is fully occupied, < 1 as each ligand fluctuates between its two rotational conformations that differ by energy − 2 . The curve (P ) passes through an inflection coincident with the adsorption isotherm. Isosteric heat of adsorption. The isosteric heat of adsorption Qst is the amount of heat released upon the addition of a gas molecule. As Qst determines the associated temperature change of the adsorbent upon ad-/desorption, it is a key thermodynamic variable in the design of adsorption-based processes (53) . Furthermore, the loading dependence of Qst often yields insights into the mechanism of adsorption and the structural characteristics of the material, e.g., adsorbate-adsorbate attractions (54), binding site preferences on heterogeneous surfaces (55) , and structural transitions (56) .
We obtain Qst in our model by finding the negative enthalpy change of the system upon the addition of an adsorbate,
where kB T is the work required to push a gas molecule from the adsorbed to the ideal, bulk gas phase. Approximating the energy difference as a derivative
allows us to compute Qst from fluctuations of the particle number and the covariance between the energy and particle number in the grand-canonical ensemble (57) . For a rigid material, Qst at dilute coverage is a metric for the affinity of the gas molecule for the walls of the material; e.g., in a Langmuir model with energy of adsorption −U0, Qst = U0 + kB T . As Eqs. 1 and 9 show, the heat of adsorption is impacted by ligands that undergo a conformation change induced by adsorbed molecules. Consider the conceptual process of adding an adsorbed molecule to site 6 in Fig. 1 . Heat is released due to the energy of adsorption of this particle ( 0 + ). If, in addition, the newly adsorbed molecule in site 6 induces the ligand to its right to rotate into the pores, heat is (i) consumed by the endothermic process of the ligand's conformation change ( ) and (ii) released due to the enhancement of the energetic interaction of guest 7 with the newly rotated ligand to its left ( ). The latter two subtle effects arise from the dynamic moiety in the material. The green curve in Fig. 2 , Right shows Qst as a function of pressure. As a greater fraction of the ligands rotate into the pore to create more receptive adsorption cages, the heat of adsorption increases. The reason for the increase of Qst with pressure is that, when a guest molecule adsorbs and incentivizes an adjacent ligand to rotate into the pore, if the adjacent cage is empty, this creates a more favorable adsorption site for the next guest molecule to adsorb in the adjacent cage, whereas if the adjacent cage is occupied-the more likely the case at higher coveragethe two neighboring adsorbates now cooperate in incentivizing the ligand to rotate into the pores, lowering the energy of the system due to the enhanced interaction with the two neighboring adsorbates.
Parameter Exploration. To gain a deeper intuition into how the energetic parameters ( 0, , and ) and temperature affect the adsorption isotherm, isosteric heat of adsorption, and ligand configurations, we explored parameter space by varying a single parameter while holding the others fixed. We relegate the explanations of the parameter dependence of the model solution to SI Appendix, section S4. On Github, we provide an interactive dashboard in the Jupyter Notebook for readers to explore parameter space themselves (doi.org/10.5281/zenodo.208230).
Insights into Adsorption Cooperativity. The expected values in Fig. 2 obscure how the typically n occupied cages and rotated ligands are arranged on the lattice. Neighboring adsorbates are not explicitly prescribed to interact with one another in our model. However, a coupling of the occupancy of two adjacent cages arises through their shared ligand. The covariance of the occupancy of two adjacent cages, cov(n1, n2), reveals the mechanism behind the cooperative adsorption exhibited in the adsorption isotherm in Fig. 2 .
with the restriction k ≤ M /2. In a Langmuir adsorption model, where each adsorption site behaves independently of the others, ni n i+k is independent of both i and k , and cov(n1, n2) = 0 (SI Appendix, section S5.1). A positive cov(ni , n i+k ) indicates that the presence of an adsorbate a distance k from site i enhances the probability that site i is also occupied (SI Appendix, section S5.2); that is, cov(n1, n2) > 0 implies cooperative adsorption and the tendency for adsorbates to spatially cluster. In SI Appendix, section S5, we derive an expression for cov(ni , n i+k ) in terms of the transfer matrix P. Fig. 3 displays the covariance of the occupancy of two adjacent cages, cov(n1, n2), in our model as a function of expected occupancy. The positive cov(n1, n2) implies cooperative adsorption. To understand the nature of the cooperativity, consider our system with n fixed [the canonical (NVT ) ensemble]. In the most probable microstates for n = 2, the two adsorbates are in adjacent cages because this allows them to cooperate in incentivizing their shared ligand to rotate into the pore to achieve a greater guest-host interaction. From a different perspective, consider n = 1. The ligands on the faces of the occupied cage have a higher propensity to rotate into the pores than a ligand shared by two empty cages. Thus, the next gas molecule is more likely to adsorb in one of the two cages directly adjacent to the occupied cage than in another cage due to the more favorable interaction with a ligand that is rotated into the pores.
At both zero and full occupancy, cov(n1, n2) approaches zero; it peaks at half-fractional occupancy, exhibiting a symmetry. Consider when all cages are empty except cage 2. Per the argument above, for the next guest molecule, cage 1 and cage 3 are more favorable adsorption sites than the other empty cages. Although the additional molecule is thus more likely to adsorb in cage 1 or 3 than in any one of the other empty cages, the entropic incentive for the second adsorbate to explore the other M − 3 empty cages, despite their less favorable adsorption energy, renders cov(n1, n2) to be small when n = 1. To explain the symmetry, at the other extreme, considering a material with only one empty cage, entropy incentivizes a vacancy to explore all cages.
Conditions for the Inflection Point. For not all parameter regimes does the adsorption isotherm in our model exhibit an inflection (SI Appendix, Fig. S1 ). In SI Appendix, section S7, we investigate which regimes of parameter space present an inflection in the adsorption isotherm. We find that, qualitatively, an inflection is absent when is significantly greater than ; the energy enhancement of a guest-ligand interaction is not large enough to compensate for the intrahost energetic penalty for the ligand to rotate into the pores. This finding is consistent with the analysis of the covariance of the occupancy of neighboring cages in the previous section; the cooperative adsorption effect leads to a convex adsorption isotherm at low coverage through the incentivization of ligands to be rotated into the pores in the presence of adsorbed gas molecules. The role of entropy is underscored by the presence of an inflection in the adsorption isotherm when the intrahost energy penalty for ligand rotation is zero. For = 0, a ligand shared by two empty cages has no energetic preference for one rotational conformation over another; entropy dictates that it fluctuates between its two conformations with equal probability ( /M = 1/2 for the empty lattice when = 0 (SI Appendix, section S4.3). For a ligand shared by two occupied cages, the ligand-guest interaction enhancement now lowers the energy of the ligand in its rotated state to −2 . Depending on the temperature and magnitude of 2 , the energetic incentive for ligands to rotate into the pore as more gas adsorbs overcomes the entropic incentive for half to remain parallel to the cage walls, resulting in a gradual transition in the most likely rotational states of the ligands and an inflection. The inflections for = 0 occur at small loadings, however (SI Appendix, Fig. S2 ).
Engineering and Design Applications. Our model lends insights into how we can exploit rotating ligands in porous crystals for pressure-swing adsorption processes. Intrinsic heat management. When gas is charged into an adsorbent, the heat released upon adsorption raises the temperature of the adsorbent. This leads to capacity losses compared with isothermal charging, as less gas is adsorbed at higher temperatures. Similarly, during gas discharge, the adsorbent cools and holds onto the gas (58). It is thus important to mitigate temperature changes in the adsorbent during gas (dis)charging.
Materials with ligands that undergo conformation changes offer an advantage over rigid materials in that they can achieve a high guest-host interaction while mitigating the heat released upon adsorption. When a guest molecule adsorbs and concomitantly induces a conformation change in a ligand, a fraction of the energy released upon adsorption is consumed by the endothermic process ( > 0) of the ligand undergoing the conformation change. This phenomenon of intrinsic heat management (56) is beneficial for mitigating capacity losses due to temperature changes of the adsorbent in adsorption-based engineering processes.
We demonstrate intrinsic heat management in our model material by finding the contribution to Qst made by the intrahost energy U h := . As U = U h + U gh , where U h and U gh are the first and second terms in Eq. 1, respectively, the contribution to Qst by the intrahost energy is
which we show in Fig. 2 as the purple curve. As the contribution to Qst by the rotatable moieties integrated into the host through U h is negative, this demonstrates that the dynamic moieties in our model material serve to mitigate the heat of adsorption while, from the perspective of the adsorbate, retaining a high energy of adsorption to recruit guest molecules into the cages. Engineering inflection points to maximize working capacity. We can exploit the inflection induced into the adsorption isotherm in materials with rotating ligands to achieve a higher working capacity in a pressure-swing adsorption process than possible with a rigid, Langmuirian material. For a pressure swing between pressures PH and PL, the (isothermal) working capacity w of a material is the amount of gas adsorbed at pressure PH minus that adsorbed at PL:
Consider a Langmuirian material with M adsorption cages with free volume V0 and energy of adsorption 0, which is recovered by our model in the limit → ∞. Conceptually, the working capacity w is maximal for a particular 0: If the affinity of the adsorbate for the host is too weak (strong), the uptake will be too low at PH (too high at PL), resulting in a small working capacity (44, 45) . The maximum achievable working capacity and corresponding energy of adsorption in a Langmuir model are (44, 45, 59) wopt := max
The maximum achievable working capacity wopt for a rigid, Langmuirian material depends only on the number of adsorption sites M and the operating pressures, PH and PL. The black curve in Fig. 4 is an optimally shaped Langmuir adsorption isotherm obtained by tuning the energy of adsorption to 0,opt in Eq. 14, using PH = 1.5 bar, PL = 0.1 bar for illustration.
We find the optimal energy of adsorption 0 in our model ( , , V0, M fixed) by enforcing ∂w ∂ 0 = 0. Our model adsorption isotherm with the optimal 0 is the green curve in Fig. 4 . Our optimally tuned model has a higher uptake at PH and a lower uptake at PL than the optimally tuned Langmuirian material with equal V0 and M ; both effects improve upon the working capacity of a Langmuirian material. We achieve a higher working capacity than the Langmuir model by using a smaller 0. The reason that a material with rotating ligands can achieve a higher working capacity than a rigid, Langmuirian model is revealed by again considering the extreme cases where adsorption is governed by Eq. 2. At pressure PL, when occupancy is low, the gas sees an adsorbent with energy of adsorption closer to 0. At pressure PH , the higher occupancy will induce more ligands to rotate into the pores, and consequently the gas sees an adsorbent with energy of adsorption closer to 0 +2 . By using a smaller 0 than optimal for a Langmuir model in Eq. 14, we mitigate uptake at PL and rely on the ligands that rotate into the pores to recruit adsorbates into the pores at PH through the enhancement of the guest-ligand interaction ( ).
We show how the optimal working capacity wopt and corresponding 0,opt depend on the parameters and in SI Appendix, Fig. S3 . At = 0, we recover the optimal parameters for a Langmuir model in Eq. 14. For all , > 0, we achieve a higher optimal working capacity with our model than with a Langmuir model. For fixed , the working capacity is maximal for ≈ , in line with our previous discussion that, for an inflection in the adsorption isotherm to occur, the intrahost energetic penalty for a ligand to rotate must be comparable to the resulting guest-ligand energetic benefit . Interestingly, 0,opt < 0 when is large and is small; i.e., it is optimal in this region of parameter space for adsorption in a cage with both ligands unrotated to be energetically unfavorable to inhibit uptake at PL, relying on the high affinity of a guest for a rotated ligand to recruit adsorbates at PH . This resembles gate-opening behavior (60) , although expansion work is also involved in gate opening (47) .
Mean-Field Approximation. The model in Fig. 1 is quasi-one dimensional in that each adsorption cage is coupled to only two neighboring cages through its shared ligands. We now find a mean-field solution of our model, which we expect to approximate the behavior of a d -dimensional model (with the approximation improving with increasing d ), where each adsorption cage is coupled to neighbors in d ≥ 2 dimensions through 2d shared, rotating ligands on its faces (SI Appendix, Fig. S11 ).
In addition, the mean-field model provides more insights into the behavior of our system than the exact solution because it results in simpler and thus more interpretable expressions for the adsorption isotherm and concomitant ligand configurations. The internal energy in Eq. 1 cannot be written as U (n, ) because it depends on the precise arrangement of the n adsorbates in the M cages and precisely which of the Md ligands have undergone a conformation change. Here, we approximate U by treating the interaction between adsorbates and ligands with a mean field of ligands. The internal energy of our system under the mean-field approximation, U mf (n, ), is
because each adsorbed molecule sees a mean field of 2d [ /(Md )] ligands protruding into the pore; /(Md ) is the probability that a given ligand is rotated into the pore given no information about which n of the M cages are occupied. Our approach in solving the mean-field model in the grandcanonical ensemble is to write an expression for the grand potential, Ω, of the system,
and analyze its derivatives because, at thermodynamic equilibrium, the grand potential of the system is minimized in the grand-canonical ensemble. The internal energy U for constructing Ω mf is given by Eq. 15. We directly write the entropy S of the system by counting the microstates that exhibit n adsorbed molecules and rotated ligands and accounting for the translational entropy of each adsorbed particle in its cage. We arrive at
[17]
Eq. 17 can be partitioned into the sum of the free energy of the host, the free energy of the adsorbed molecules, and the chemical potential term. We now proceed to find the self-consistency equations, where we apply Stirling's approximation to the factorial terms.
Self-consistency equation for . At thermodynamic equilibrium, the ligands will adopt microstates that minimize the grand potential of the system,
leading to the self-consistency equation for ,
[19]
For fixed n, we arrive at a simple two-level system, where each ligand fluctuates between two energy states that differ in energy by − 2 n/M .
When the cages are empty (n = 0), the fraction of ligands protruding into the pores goes to zero as the energetic penalty for ligand rotation increases ( → ∞) and goes to the entropically favored 1 2 when the host has no energetic preference for one ligand configuration over another ( = 0). As gas adsorbs (n/M increases), the energetic benefit of a protruding ligand to the gas molecules diminishes the intrahost energetic penalty for ligand rotation, resulting in a greater fraction of ligands rotating into the pore. If 2 > , the sign in the exponent in Eq. 19 changes at some occupancy, and thus the temperature dependence of the ligand configurations qualitatively changes: At low occupancy, entropically driven fluctuations have the effect of increasing the number of ligands rotated into the pores, whereas at high occupancies, they increase the number of ligands aligned with the cage walls. This is because the ligand configuration that minimizes the internal energy of the system switches at a given value of n under the condition 2 > (Eq. 15). This switching of ligand temperature dependence arises in the exact solution also (SI Appendix, section S4.4). Self-consistency equation for n. At thermodynamic equilibrium, the number of adsorbed molecules is dictated by the minimum of the grand potential of the system:
This leads to the self-consistency condition for n:
The adsorption isotherm under mean-field theory takes the character of a Langmuir adsorption isotherm with a Langmuir parameter K := βV0e β( 0 +2 /M ) that is a function of the fraction of ligands rotated into the pores, /(Md ). As /(Md ) increases, the Langmuir parameter increases due to the greater affinity of the host for the guest when the ligands are rotated into the pores. Mean-field solution. The mean-field solution to the model is then described by the coupled Eqs. 19 and 21. We can solve these equations graphically by plotting them in the (n, ) plane. The red curve in Fig. 5A displays Eq. 19, which is independent of pressure, whereas the series of blue curves show Eq. 21 for different pressures. The intersection of the red and blue curves dictates the solution at that particular pressure. We observe a first-order phase transition. At low pressures, only one solution at low n and exists. As we increase the pressure, a saddle node bifurcation (61) occurs, where a stable solution at high n and suddenly appears in addition to the low-n solution. Eventually, at higher pressure, the low-n solution suddenly disappears. This result could yield adsorption-desorption hysteresis. From another perspective, the grand potential Ω mf is bistable at intermediate pressures (SI Appendix, Fig. S4 ), much like the bistable osmotic potential that explains hysteretic breathing transitions in MOFs (49, 50, 62) . Thus, when cages are coupled together by shared ligands in multiple dimensions, these rotating ligands can (i) induce abrupt steps in adsorption isotherms and (ii) yield adsorptiondesorption hysteresis loops. Both of these features are not found in the quasi-one-dimensional model. In SI Appendix, section S13, we use Monte Carlo simulations to study a 2D variant of our model and indeed find evidence of a first-order phase transition as the mean-field theory predicts, albeit at a lower temperature as expected due to the overestimation of the critical temperature by mean-field theory in its neglect of fluctuations.
Case Study: MIL-91(Al) We consider MIL-91(Al) (63) as a case study. The activated MIL-91(Al) crystal structure in vacuum is shown in Fig. 6A . Llewellyn et al. (30) conducted in situ X-ray powder diffraction (XRPD) experiments and found that the ligands in MIL-91(Al), when loaded with CO2 gas, twist by ∼20
• (compare Fig. 6 A  and B) . MIL-91(Al) maintains its topology, and its unit cell volume increases less than 4% when loaded with CO2. The authors observed an inflection in the CO2 adsorption isotherm in MIL-91(Al) at 303 K (SI Appendix, Fig. S5 ). Molecular simulations of CO2 adsorption in the two rigid-host conformers, analogous to the red and blue curves in Fig. 2 , supported that the inflection is a consequence of the twisting ligands. The in situ XRPD experiments at varying CO2 loadings showed a gradual change in a peak attributed to the Al-OH-Al angle, suggesting that the structure changes its conformation gradually. We used density functional theory (DFT) calculations (SI Appendix, section S11.1) to find the energy-minimized MIL-91(Al) structure(s) using the experimentally reported (30) empty and CO2-loaded structures (without the CO2) as starting points. The DFT calculations capture the bistability of MIL-91(Al); the minimizations converged to two distinct conformers. According to our DFT calculations, the conformation in Fig. 6A is more stable by 3 kJ/mol of twisting ligands. Thus, in the context of our model, we identify = 3 kJ/mol for MIL-91(Al).
As more than one CO2 molecule can adsorb per ligand in MIL-91(Al) (30) , radon adsorption in MIL-91(Al) fits better into the context of our model because only one atom per ligand can fit into its pores. Fig. 6C displays the simulated rigid-host Rn adsorption isotherms in the two conformers of MIL-91(Al). See SI Appendix, section S11 for methods. In the more stable conformer, the adsorption is negligible because an adsorbed Rn experiences steric hindrance. On the other hand, Rn adsorbs favorably in the less stable conformer in Fig. 6B . The other noble gases, xenon, krypton, and argon also exhibit a one-atom per ligand saturation loading in MIL-91(Al) and adsorb more favorably in the conformer in Fig. 6B (SI Appendix, Fig. S6) .
Rn, Xe, Kr, and Ar adsorption in MIL-91(Al) thus may fit into the context of our model because (i) the adsorbate-host interaction is greater when the ligands twist, yet intrahost forces penalize ligand twisting; (ii) the ligands are shared between cages in a quasi-one-dimensional manner (SI Appendix, , and V0 parameters that model Rn, Xe, Kr, and Ar adsorption in MIL-91(Al) from the simulated energy of adsorption in the two conformers in Fig. 6 A and B and pore volume calculations. Fig. 6D shows the predicted adsorption isotherms of Rn, Xe, Kr, and Ar in MIL-91(Al) by our model, using our estimates of 0,
, and V0 for each adsorbate. The model predicts a noticeable inflection in the Rn, Xe, and Kr adsorption isotherms in MIL-91(Al), but not in Ar, as the energetic enhancement due to ligand rotation is rather small for Ar (2.5 kJ/mol). As expected, the ranking of adsorption follows the size of the noble gas atom.
Discussion
We posed and solved a statistical mechanical model of gas adsorption in a porous material whose cages share a flexible ligand that can adopt two distinct rotational conformations. An affinity of the gas molecule for the ligand incentivizes the ligand to undergo a conformation change, but intrahost forces impose an energetic penalty for doing so. We showed that these two competing forces can give rise to an inflection in the adsorption isotherm as the gas gradually changes the set of most probable conformations that the adsorbent adopts to achieve a greater guest-host interaction. We demonstrated that cooperative adsorption arises from the coupling of neighboring sites through their shared ligand; when a gas molecule adsorbs and induces a ligand to change its rotational conformation, it enhances the favorability for adsorption in the neighboring cage that shares that ligand, facilitating the recruitment of an additional adsorbate. When adsorption cages are coupled together by rotating ligands in higher dimensions, our mean-field solution showed that abrupt steps in the adsorption isotherm and adsorption-desorption hysteresis can occur. We proved that porous materials whose cages share rotating ligands can achieve a greater working capacity in a pressureswing adsorption process than a rigid, Langmuirian material. Our model informed that the working capacity is maximized when the enhancement of the guest-ligand affinity upon ligand rotation is of the same order as the intrahost penalty for the ligand to rotate. As an additional benefit, the endothermic conformation change of a ligand intrinsically mitigates temperature changes of the adsorbent when gas (de-)adsorbs.
Our model is generalizable in that a ligand rotation represents a conformational change of some flexible constituent integrated into the MOF that exposes a more favorable binding site for a guest molecule on both sides of the cage wall.
The cages of many porous materials with rotating ligands can fit more than one adsorbate molecule. In SI Appendix, section S12, we consider the case where multiple adsorbate molecules can fit in a cage with rotating ligands on each side. Cooperative adsorption still arises due to the coupling of the two adsorption sites that do share a ligand. Adsorbate-adsorbate attractions enhance this cooperativity by transmitting a ligand's influence across longer length scales.
In our model, the ligands change conformation to achieve a more favorable guest-host interaction. We duly note that a conformational change could also be driven by entropy or chemical potential (Eq. 16); i.e., ligands could rotate to afford the guest molecule more translation and/or rotational degrees of freedom or to create a larger pore to accommodate more molecules. For example, the MOF in ref. 18 persists in a narrow-pore form in the absence of adsorbed CO2 molecules. Upon adsorbing a given amount of CO2, the pyridyl rings in the MOF rotate, yielding a larger pore that can accommodate more CO2 molecules. The intuition gained from our model is still applicable here: The adsorbent transitions from the narrow-pore form preferred in the absence of gas molecules to the large-pore form when enough gas adsorbs, causing an inflection in the adsorption isotherm.
Note that adsorption isotherms in rigid materials can exhibit inflections as well, through mechanisms such as pore filling (64) , strong adsorbate-adsorbate attractions [the quadratic adsorption isotherm (65) ] (66), and commensurate-to-incommensurate adsorption transitions (67) .
Future work remains. One direction entails investigating the behavior of our model in the presence of gas mixtures. Akin to how protein flexibility in the induced-fit and conformational selection models (20, 21) for enzyme-substrate binding plays a crucial role in the recognition of biological molecules and selectivity of enzymes, flexible moieties in MOFs may enhance their selectivity for gas separations, catalysis, and chemical sensing. In SI Appendix, section S14, we show that the rotating ligands in our model material could enhance the selectivity over that of a rigid counterpart via differing ligand-adsorbate interaction enhancements ( ).
Further modeling could reveal interesting behavior arising from features involved in other reported MOFs with dynamic constituents, such as the MOF of Seo et al. (29) , where rotating ligands reach across the cage to interact with each other. Such different paradigms of moving constituents in porous materials likely need to be built into a specialized model and studied on a case-by-case basis. Another direction for future work is to include in our model external stimuli to modulate the ligand conformations and thus, indirectly, the host-guest interaction. For example, spin crossover transitions of a metal in a MOF (68) have been shown to modulate the rotational freedom of coordinating ligands (69) , opening an avenue for switching the ligand state with an electric field, temperature, or light (70) . For asymmetric ligands with polar groups, an electric field could modulate the rotational conformations (71, 72) .
Because flexibility can influence diffusion (73) , another followup study is to investigate the impact of a rotating ligand on molecular diffusion. As an adsorbate molecule percolates through the pores of a MOF with a rotating ligand, ligands may need to concomitantly rotate, much like a turnstile, which will influence diffusion.
